Using a result of Kawamata on rami ed covers (see Kawa], theorem 17), one can obtain semistable reduction \in codimension 1" over a base of arbitrary dimension. Below, we will refer to the result of Kawamata as \Kawamata's trick". We will discuss it in detail in section 5.
Using a result of Kawamata on rami ed covers (see Kawa], theorem 17), one can obtain semistable reduction \in codimension 1" over a base of arbitrary dimension. Below, we will refer to the result of Kawamata as \Kawamata's trick". We will discuss it in detail in section 5.
The case where dim X = dim B + 1 has recently been proven by de Jong dJ] . Here one shows that any family of curves can be made into a family of nodal curves, which are indeed as \nice" as one may expect.
Using recent di cult results of Alexeev, Koll ar and Shepherd-Barron (see Al], Al1]), one obtains a version of the case dim X = dim B+2. Here each ber is a semi-log-canonical surface.
Up until recently, not much has been known about the case dim X > dim B + 2. Often one nds remarks of the following avor: \since we do not have a semistable reduction result over a base of higher dimension, we will work around it in the following technical manner...". x j :
Here 0 = l 0 < l 1 < l m n, where n = dim X and m = dim B.
To be more precise, we give things a more global structure using the notion of a toroidal morphism. At the same time we describe a slightly weaker condition which will appear below:
De nition 0. Na vely one might hope to have each ber isomorphic to a divisor of normal crossings. But already in the case of a 2-parameter family of surfaces t 1 = x 1 x 2 ; t 2 = x 3 x 4 , this is impossible. It seems that the de nition above is the best one can hope for. De Jong's methods and ideas will serve as a starting point for investigating the semistable reduction conjecture. 0.6. Our main result. The main result of this paper is the following: Theorem 0.3 (Weak semistable reduction). Let X ! B be a surjective morphism of complex projective varieties with geometrically integral generic ber. There exist an alteration B 1 ! B and a modi cation Y ! X B B 1 , such that Y ! B 1 is weakly semistable.
With a little more work we will get X to have only quotient singularities. There are many cases (such as when f is a family of surfaces) where we can actually prove the semistable reduction conjecture. These will be pursued elsewhere. Hopefully, by the time this paper achieves its nal form the conjecture will be fully proven. 0.7. Mild morphisms. A few words are in order about the signi cance of our result. Note that the property of a morphism being semistable is far from being stable under base changes. One may ask, what remains from semistability after at least dominant base changes? Here is a suggestion:
De nition 0.4. We de ne a morphism X ! B as above to be mild, if for any dominant B 1 ! B where B 1 has at most rational Gorenstein singularities, we have that X B B 1 has at most rational Gorenstein singularities as well.
Mild morphisms arise naturally in moduli theory. Indeed, mild families of curves are precisely nodal families; families of Gorenstein semi-log-canonical surfaces mentioned above are mild. For a discussion of why mild morphisms are useful, see @]. In fact, the paper @] would have been much simpli ed, had mild reduction been available.
Already in the case dim B = 1, mild reduction is a much easier task than semistable reduction. Indeed, lemma 2 on page 103 of KKMS], and the discussion there, already give mild reduction in this case. The delicate combinatorics of chapter III of KKMS] is not used for this purpose.
It will be shown (see section 6) that weakly semistable morphisms are indeed mild.
0.8. Structure of the proof. After the introduction, section 1 will be devoted to a general discussion of toroidal morphisms. The proof itself will begin with section 2.
Semistable reduction has at least two avors: rst, the bers of the morphism Y ! B 1 should have nice local de ning equations. Second, the family should have nice algebraic properties. We will perform a number of reduction steps, incrementally improving one or the other of these avors.
0.8.1. Toroidal reduction. In the rst step, carried out in section 2, we will show that any morphism can be modi ed to a toroidal morphism. The construction is inspired by the inductive procedure of dJ], and follows closely the proofs in @-dJ]. Just as in @-dJ], the construction we give is very non-canonical. Even when the generic ber of X ! B is smooth, it will be blown up during the construction. One hopes that methods such as those of B-M] or Vil] could be adapted to this situation and give a more canonical procedure.
It is tempting to state the following conjecture.
Conjecture 0.5. Let X ! B be a morphism as in the theorem. Let U B be an open set over which X is toroidal, and let = B n U. There exists modi cations X 0 ! X and B 0 ! B, each of which is the composition of a sequence of blowings up with smooth centers lying over , and a lifting X 0 ! B 0 which is toroidal.
It should be noted, that in view of recent results of Morelli Mor] and W lodarczyk W lo], this conjecture implies the strong blow-up -blow-down conjecture. 0.8.2. Improving the toroidal morphism. In sections 3 and 4 we perform a couple of simple reduction steps to improve our situation. Let f : (U X X) ! (U B B) be any toroidal morphism, with B nonsingular. By the results of KKMS], we can nd a toroidal resolution of singularities X 0 ! X. Let f 0 : X 0 ! B be the resulting projection. We rst show that now f ?1 U B X 0 is also a toroidal embedding, which is easier to handle: there are no horizontal divisors. For convenience, we replace X ! B by the new morphism. We remark that one can proceed a fair distance without removing these horizontal divisors, and, we believe, the results one can obtain are of interest (e.g., the inductive structure of de Jong can be preserved), but this would make the present paper much more cumbersome, so we delay that investigation to a future occasion. Now, our morphism X ! B is not necessarily equidimensional. We repair this by an appropriate decomposition of the associated conical polyhedral complexes X and B . We make sure that, after the modi cation, the base remains nonsingular, and then the morphism is automatically at. 0.8.3. Kawamata's trick and reduced bers. We start section 5 with a discussion of Kawamata's trick and its relation with toroidal morphisms in some detail. Then we use Kawamata's trick to nd a nite base change, after which all the bers are reduced. This nishes the proof of the main theorem, since the resulting morphism is weakly semistable. A variant of Kawamata's trick for global \index 1 covers" is discussed in section 7. 0.8.4. Mild reduction. We begin section 6 by checking that the resulting bers are Gorenstein.
Using a base change and descent argument, and the fact that toroidal singularities are always rational, we then prove that the resulting family is mild. 0.8.5. Combinatorial restatement. In section 8 the semistable reduction conjecture is restated purely in combinatorial terms. We end the paper with a discussion of the problems one encounters when trying to go from weak semistable reduction to semistable reduction. Kato1] . It is our belief, that the approach via logarithmic structures should eventually prevail -it provides us with a exible category, in which toroidal embeddings (= logarithmically regular schemes) and toroidal morphisms (= logarithmically smooth(!) morphisms) play a special role. Some of our statements below are rendered almost trivial with Kato's formalism, e.g. Lemmas 1.5 and 5.3 .
The reason we decided to stick with the formalism of KKMS] is, that the theory of logarithmic structures is not yet in stable form (see the many avors of such structures introduced in Kato's papers), and, more importantly, it has not yet gained widespread acceptance as a basic formalism. It might have turned away some readers (especially those combinatorially inclined) had we used the theory of logarithmic structures throughout.
It is also worth noting, that Kato's notion of a fan, although it has a nice structural morphism, is much less amenable to combinatorial manipulation than the polyhedral complexes of KKMS].
1.1. Toric varieties. Given a lattice N = Z n , its dual M = Hom(N; Z), a strictly convex rational polyhedral cone N R = N R with its dual _ = fm 2 M R jm(u) 0 for all u 2 g, we de ne the a ne toric variety X = Spec S ] where S ] is the semigroup algebra of _ \ M over the ground eld. If more than one toric variety is considered, we use a subscript: N , M .
We denote by (1) the 1-dimensional edges of . The indivisible points v in (1) \ N are called the primitive points of . The variety X is nonsingular if and only if the primitive points of form a part of a basis of N. In that case we say that is nonsingular.
The toric variety X contains an n-dimensional algebraic torus T = G n m as an open dense subset, and the action of T on itself extends to an action on X . Thus, X is a disjoint union of orbits of this action. There is a one-to-one correspondence between the orbits and the faces of . where the upper and lower squares commute by the de nition of toroidal morphism, and where is de ned by tracing the other three sides of the middle square. Then the middle square also commutes.
Since 1 and 2 are isomorphic, we can take 1 = 2 = and X 1 = X 2 = X . The map , of course, need not be the identity. Let the coordinate rings of the tori in X , X and X be k x 1 ; x ?1 1 ; : : : ; x n ; x ?1 n ], k y 1 ; y ? Assume we have proven the result for morphisms of relative dimension n ? 1, and consider the case rel: dim f = n.
2.3. Preliminary reduction steps. First, we may replace X by its normalization, therefore we may assume X normal, and by blowing up Z in X we may assume Z a Cartier divisor.
Let 2 B be the generic point of B. By the projectivity assumption we have X P N B for some N. Choosing a generic projection P N 9 9 K P n?1 we get a rational map X 9 9 K P n?1 . Replacing X by the closure of the graph of this map, we may assume that we have a morphism g : X ! P n?1 B = P. 
! P # B and a nite group G Aut P P 1 , with the following properties:
1. The morphism a : P 1 ! P is a Galois alteration with Galois group G. 2. The action of G lifts to Aut X X 1 , and : X 1 ! X is a Galois alteration with Galois group G.
3. There are n disjoint sections i : P 1 ! X 1 such that the strict altered transform Z 1 X 1 of Z is the union of their images, and G permutes the sections i .
4. The morphism g 1 : X 1 ! P 1 is a nodal family of curves, and i (P 1 ) is disjoint from Sing g 1 .
We may replace X, P and Z by X 1 =G and P 1 =G, and ?1 Z=G. Note that ?1 Z=G is not necessarily equal to the union of the images of i , but the complement lies over a proper closed subset in P 1 .
2.5. Using the inductive hypothesis. Let P be the union of the loci over which Z; P 1 or X 1 are not smooth. We apply the inductive assumption to P ! B, and obtain a diagram as follows: U P , ! P 0 m ! P # # # U B , ! B 0 ! B Such that P 0 ; B 0 are nonsingular, P 0 ! P and B 0 ! B are modi cations, the left square is a toroidal morphism, and m ?1 is a divisor of strict normal crossings contained in P 0 n U P .
We may again replace P; B by P 0 ; B 0 , and further we may replace X; X 1 ; P 1 ; Z and i by their pullback to P 0 . In particular P ! B has a toroidal structure, and P 1 ! P is unrami ed over U P . By Abhyankar's lemma, since P 1 is normal, it inherits a toroidal structure given by U P 1 = m ?1 U P as well, so that P 1 ! P is a toroidal nite morphism.
2.6. Conclusion of proof. Now X 1 ! P 1 is a nodal family which is smooth over U P , therefore it as well inherits a toroidal structure U X 1 U X , where U X 1 = (g 1 ?1 U P 1 ) n ( i (P 1 )); e.g. local equations around a node are of the form uv = f(t), where f(t) is a monomial on P 1 . Notice that ?1 Z is a divisor contained in U X 1 (see @-dJ], 1.3) . In this situation we can apply the procedure of @-dJ], section 1.4 to make the group G act toroidally on X 1 : rst we blow up the scheme Sing g 1 to separate the branches of the nodes. Then we are in the situation of Proposition 1.8 of @-dJ], namely there is a canonical G-equivariant blowup d :X 1 ! X 1 such that G acts strictly toroidally on b ?1 U X 1 X 1 . Let X 0 =X 1 =G, then X 0 ! B inherits a toroidal structure and X 0 ! X is birational; moreover, Z 0 X 0 is a divisor contained in X 0 n U X 0. Applying toroidal resolution of singularities, the induction step is proven.
Removing horizontal divisors
We may now replace X ! B by X 0 ! B 0 , and thus we may assume that the morphism f is toroidal. Our goal in this section is to arrive at a situation where f ?1 U B = U X .
The rough idea is, that a morphism between nonsingular toroidal embeddings f : X ! B is locally given by monomials t i = x k 1 1 x kr r , in which the variables de ning horizontal divisors cannot appear, so these divisors are unnecessary in the toroidal description. We make this precise by a simple translation argument.
Proposition 3.1. Let U X X and U B B be nonsingular toroidal embeddings and f : X ! B a surjective toroidal morphism. Then, denoting U 0 X = f ?1 (U B ) U X , we have that U 0 X X is a toroidal embedding, and f : (U 0 X X) ! (U B B) is a toroidal morphism. Proof. Since f maps U X into U B , f ?1 (B n U B ) as a set is a union of divisors supported in X n U X . In local models these divisors are all T-invariant.
Consider local models (X ; s) at x, (X ; t) at f(x), and the toric morphism g : X ! X .
We may assume that v 1 ; : : : ; v n is a basis of N and is generated by Proof. There exists a subdivision of B \induced" by X . For x 2 2 B let S x be the set of cones 2 X such that \ f ?1 (x) 6 = f0g. Since f is surjective, S x 6 = ;. The relation x y , S x = S y for x; y 2 is clearly an equivalence, hence it de nes a partition of B If we assume from the beginning that f ?1 (U B ) = U X , that means f ?1 (0) \ j X j = 0, then clearly the same is true for any subdivision j 0 X j = j X j, hence (f 0 ) ?1 (U B 0) = U X 0.
5. Kawamata's trick and reduced fibers 5.1. Statement of result. The goal in this section is to nd a nite base change, after which all the bers in the resulting morphism are reduced. The base change we perform will not necessarily be toroidal, but the morphism after base change will still be toroidal.
Proposition 5.1. Let U X X and U B B be projective toroidal embeddings, and assume that B is nonsingular. Let f : X ! B be a surjective equidimensional toroidal morphism with f ?1 (U B ) = U X . Then there exists a nite surjective morphism p : B 0 ! B so that, denoting by X 0 the normalization of X B B 0 , we have that B 0 and X 0 are toroidal embeddings, the projection f 0 : X 0 ! B 0 is an equidimensional toroidal morphism with reduced bers, and
The construction of X 0 and B 0 is more explicitly given in Proposition 5.9, where the polyhedral complexes of X 0 and B 0 are also described. Proof. It su ces to consider the toric morphism of local models f : X ! X and the ber over a point t 2 X lying in the closed orbit of X . If the orbit of t is not ftg then X is a product X = X 0 G q m for some q > 0. Without loss of generality we may then replace X by X 0, and replace f by p f where p : X ! X 0 is the projection. Indeed, the ber (p f) ?1 (p(t)) is isomorphic to f ?1 (t) G q m , and p gives an isomorphism p : N \ = N 0 \ 0 . Thus we may assume that ftg is the unique closed orbit of X . The ideal of f ?1 (t) is generated by k f _ ( _ \(M n f0g))] Proof. Let (X ; s) and (X ; t) be local models at x 2 X and b = f(x) 2 B, respectively, and let f also denote the toric morphism of the local models de ned by f : (N ; ) ! (N ; ) Clearly U B n H B is toroidal and we may assume that it has a local model (X < ;v> ; t 0 ), where < ; v > is the cone spanned by and some indivisible v 2 N , and where t 0 lies in the unique closed orbit of X < ;v> . Write N ;2 for the saturated sublattice of N generated by v, and choose a splitting N = N ;1 N ;2 X = X 0 G m X < ;v> = X 0 A 1 Since f is dominant,Ñ ;2 = f (f ?1 (N ;2 ) ) is a sublattice of nite index of N ;2 . The inclusioñ N ;2 N ;2 corresponds to an etale cover of G m . Since the completed local rings are isomorphic, we may replace the local model by a local model in the etale cover and assume that f ?1 (N ;2 ) surjects onto N ;2 .
Let N ;1 = f ?1 (N ;1 ) N and let N ;2 N be generated by some u 2 N such that f (u) = v. We show how to remove one irreducible divisor H = H ij for some i; j. Since the question is local, choose local models X , X and X 0 of X, B, and B 0 so that both f and p are products (1) to (1) (1) . Lemma 6.1. Let X and X be a ne toric varieties with X nonsingular. Let f : X ! X be an equidimensional toric morphism without horizontal divisors, having only reduced bers.
Then X has rational Gorenstein singularities.
Proof. Since X is nonsingular, it has rational Gorenstein singularities. Let : ! R be the linear interpolation of (u i ) = ?1 for every primitive point u i of . Then f : ! R is the required function. It is linear because and f are; since f is equidimensional and has reduced bers, primitive points in map to primitive points in , hence f takes the value ?1 on every primitive point of . Lemma 6.2. Let U X X and U B B be toroidal embeddings, and assume that B is nonsingular. Let f : X ! B be an equidimensional toroidal morphism, without horizontal divisors, and with reduced bers. Then X has rational Gorenstein singularities.
Proof. Having rational Gorenstein singularities is a local analytic property. Since all local models have rational Gorenstein singularities, so does X.
To show that the morphism is mild, we need to look at the situation after dominant base changes. We rst look at the cases where the base change is relatively nice: Lemma 6.3. Let f : X ! B be as above. Let g : B 0 ! B be a dominant morphism, where B 0 a nonsingular variety, and assume that g ?1 (B n U B ) is a normal crossings divisor. Let X 0 be the pullback of X to B 0 . Then X 0 ! B 0 admits a toroidal structure relative to g ?1 U B B 0 .
Proof. We use the formalism of logarithmic structures. By Kato1], x8.1, the morphism X ! B is logarithmically smooth. Also g ?1 U B B 0 endows B 0 with a logarithmically regular structure. Moreover g : B 0 ! B is a morphism of logarithmic schemes. The variety X 0 thus inherits a logarithmic structure. The morphism X 0 ! B 0 clearly satis es the formal lifting property for logarithmic smoothness ( Kato1], x8.1,(i)). It is left to show that X 0 satis es condition (S) ( Kato1] x1.5). Indeed, since f is equidimensional, the bers of f are reduced and B 0 is normal, it follows that X 0 is regular in codimension 1. Since f is a Gorenstein morphism and B is Gorenstein, we have that X 0 is Gorenstein, in particular it is Cohen Macaulay. It then follows that X 0 is normal. Combining this with the assumption that f M B is saturated in M X , we have that the monoids giving the logarithmic charts on X 0 are integral and saturated.
Altogether, we have that X 0 satis es condition (S). Therefore f 0 : X 0 ! B 0 is logarithmically smooth, and thus toroidal. Proposition 6.5. Let U X X and U B B be toroidal embeddings and assume that B is nonsingular. Let f : X ! B be an equidimensional morphism with reduced bers, which is toroidal such that U X = f ?1 U B . Then f is mild.
Proof. Let B 1 ! B be a dominant morphism such that B 1 has rational Gorenstein singularities. We need to show that X 1 = X B B 1 has rational Gorenstein singularities. By lemma 6.2 it has Gorenstein singularities.
Pick a resolution of singularities B 0 ! B 1 such that the inverse image of B n U B in B 0 is a divisor with normal crossings. By lemma 6.3 we have that X 0 = X B B 0 is toroidal, therefore X 0 has rational singularities. By lemma 6.4 we have that X 1 has rational singularities as well, which is what we needed.
The Cartier covering
In section 8 below we will translate the semistable reduction conjecture in purely combinatorial terms. In order to maximize the exibility of the combinatorial operations, we need to generalize Kawamata's trick slightly to accommodate cases where B has quotient singularities. In such a situation we need a nite cover of B which is nonsingular, and such that the resulting polyhedral complex is easily described. The following statement will su ce for this purpose. This lemma is easy and left to the reader. If we iterate the lemma with all the toric divisors, we obtain a nonsingular covering, whose lattice is generated by the primitive vectors of .
Assume that in addition we have a mild morphism X ! X . Lemma 5.3 works wordfor-word in this case. The only thing which needs to be changed in the proof is, that since f (N ) = N , the semigroup homomorphism i : ! M is still injective. (This is not a serious business -we could replace the product by its reduction anyway.)
In order to de ne a Kawamata covering package, we need the following Bertini type lemma (this is a special case of the strati ed Bertini Theorem) . 3. Let X ! B be a polyhedral map of rational conical polyhedral complexes. Let 1 B ! 0 B ! B be an alteration, factored as a lattice alteration followed by a subdivision. The induced alteration 1 X ! X is the induced lattice alteration 1 X ! 0 X of the induced subdivision 0 X ! X .
Note that an alteration induced by a projective alteration is projective. We are now ready to state our conjecture.
Conjecture 8.4. Let f : X ! B be a polyhedral map of rational conical polyhedral complexes, and assume for simplicity that f ?1 (0) = f0g. Then there exists a projective alteration \weakly semistable" by \almost semistable". An analogous de nition can be made on the polyhedral side.
It is important to note that an almost semistable morphism is not necessarily semistable. It is easy to give a polyhedral example: let = (R + ) 2 be endowed with the standard lattice Z 2 , and let = (R + ) 4 be given the lattice generated by Z 4 and the vector w = (1=2; 1=2; 1=2; 1=2).
We have a polyhedral map ! given by (a; b; c; d) 7 ! (a + b; c + d). It is easy to see that this is almost semistable, but not semistable, since has index 2. Needless to say, a corresponding toroidal example can be easily constructed as well.
The example we just gave is easy to amend. Indeed, if we subdivide at its barycenter (1; 1), take the induced subdivision of , then its star subdivision centered at w, and extend this to a triangulation using @-R], we obtain a semistable map. This can be extended to families of surfaces in general -the main observation (see Wang] for the case dim(B) = 1) is that one can use Pick's theorem and subdivide, with no need for additional lattice alteration. We plan to pursue this elsewhere.
One last remark: the second author has shown, that in order to prove semistable reduction, it is su cient to produce B 1 and Y such that Y ! B 1 satis es all but condition 3 of the requirements for semistability in De nition 8.1. Again, this will be pursued elsewhere.
